We establish the necessary and sufficient condition for the boundedness of the fractional integral operator in weighted non-homogeneous Morrey spaces. Our results can be viewed Adams-type inequality for non-homogeneous quasimetric space. Measure which satisfies the growth condition of order > 0 is used, consequently the previous results on the same operator can be seen as a particular case of this study. Furthermore, we also obtain Olsen-type inequality involving . 
Introduction
In this paper, we consider to a topological space ≔ ( , , μ), endowed with complete measure μ such that the space of compactly supported continous functions is dense in 1 ( , μ) as given in [1] and [4] , and there exists a function for every , , ∈ and 1 , 2 ≥ 1, where they are constants of independent to , , ∈ . We have several assumption to be used in this paper; first we assume the balls ( , ) ≔ { ∈ : ( , ) < } are μ −measurable and 0 < ( , ) < ∞, for every ∈ and > 0. Second, for every neighborhoods of ∈ , there exists > 0 such that the ball ( , ) is contained in . Third, we consider to μ( ) = ∞, μ({ }) = 0, and ( , 2 )\ ( , 1 ) ≠ ∅, for all ∈ , 0 < 1 < 2 < ∞. Later we called triple ≔ ( , , μ) as a quasimetric measure space.
A measure μ satisfies doubling condition; i.e. μ ∈ , if there is a > 0 such that μ ( , 2 ) ≤ μ ( , ). The space ( , , μ) when μ ∈ , we call it as a homogeneous space. But, when the doubling condition truely not avialable, then it is called a non-homogeneous space. We say, μ satisfies the growth condition of order > 0, shortly μ ∈ GC(s), i.e., if for any balls ≔ ( , ), there is exists a constant > 1 such that μ( ) ≤ , where is related to the definition of the fractional integral operator on non-homogeneous space ( , , μ) as follow
The current objective of study is related to the bounded properties of fractional integral operator on non-homogeneous space ( , , μ), especially on
Adams-type inequality
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the weighted non-homogeneous Morrey space β ,λ ( , , μ) shortly we write β ,λ ( , μ), which is defined as the set of all μ-measurable functions such that
< ∞, β ∈ .
Preliminaries
The following property of is taken from Theorem 6.1.1. in Edmunds et al. 
Theorem 2.1. could be proved via the bounded properties of maximal functions
. where
is an open balls about x with radius > 0 in ( , μ), see Proposition 6.1.1 in Edmunds et al., [4] for detail.
Eridani et al. [2] proved that was bounded on weighted nonhomogeneous Morrey space β ,λ ( , μ); i.e. the set of all μ-measurable functions such that
Their result is given in the following statement, see also 
Main results
In this section we formulate the main result of the paper. We begin with the case sufficient and necessary condition of be bounded from β , ( , μ)
to γ , ( , μ). This result can be viewed as Adams-type inequality for nonhomogeneous quasimetric space. 
Proof of the main results
In this section we present of the proofs of our main results. As customary the letter denote constants, which are not necessarily the same from line to line. On the other hand, if > , we use the fact that ∈ ( ) and β − λ < 0, then
This completes the proof of the lemma. ■ .
The proof detail of Lemma 3.2. can be found in [3] .
In the next paragraph we are ready to prove our first result
Proof of Theorem 3.1. Necessity. Assume that operator is bounded from β ,λ ( , μ) to γ ,λ ( , μ) and let ≔ ( , ). If , ∈ then α−1 ( ) ≤ χ ( ). Integrating over , and from Lemma 3.1., we get
. Since ∈ ( ), then ( β−λ+ + λ − α + 1 − γ ) ( +1 ) = . Thus, Hence, based on the process of proving Lemma 3.2. and ∈ ( ), we get By using the boundedness of ̃ on ( ), we have 
